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Abstract

In this work, we explored various related characteristics and introduced fuzzy ideals and
fuzzy congruences in BBG-algebras. We also examine the relationship on commutative BBG-
algebras between fuzzy ideals and fuzzy congruences. We characterized and investigated
various characteristics of the fuzzy quotient in commutative BBG-algebras generated by this
relation
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1. Introduction congruencyon this group. Recently, A. Rezaei et
al [14, 15, 16] discussed on (fuzzy) congruence
An ideals of in BCC-algebras was presented by Dudek and  relations in (pseudo) CI/BE-algebras and studied
Zhang [4], who also discussed the relationships between  some oftheir properties.
these ideals and congruences. Ding and Pang [5] gave the
definition, characteristics, and use of quotient algebras as a  |n the present study, we studied certain related
fundamental tool for examining the structures of BCI-  characteristics and presented the ideas of fuzzy

algebras. Prabpayak and Leerawat [6] presented KU- jdeals and fuzzy congruences on BBG-algebras.
algebras, a type of algebra in which ideals are defined and  Additionally, we looked at the relationship on
congruences on KU-algebras are examined. commutative BBG-algebras between fuzzy ideals
Asawasamrit and Leerawat [2] analyzed the relationship  and fuzzy congruences. We characterized and
between ideals and congruences and proposed an algebraic  jnvestigated the features of the fuzzy quotient in
structure known as a binary algebra. They also looked at the  commutative BBG-algebras generated by this
properties of quotient binary algebra and described it. relation.

Asawasamrit and Sudprasert [3] established the general

theory of KK-algebras and demonstrated the relationship

between ideals and congruences. 2. PRELIMINARIES

In this topic, start with basic axioms and

The first time fuzzy sets and fuzzy relations were proposed important results which we need in the sequel.

b L.A. Zadeh [1]. Numerous writers then conducted

research on it Definition 2.1. [7] A BBG-algebra is algebra (H,*, 0)
K.J. Lee [9] presented ideals in pseudo BCl-algebras. with a binary operation *,for every a,f,y,€ H which
Fuzzy ideals of pseudo BCK-algebras proposed by satisfies the following properties:
Dymek, Walendziak [10]. Also, Murali [11, 12] studied
fuzzy congruence relations on algebras. (1) axa = 0,

(2) 0« a = a,
Further, M. Kondo [13] defined a fuzzy congruence B)ax*xB*y) =B *0) xa) xy.
relation on a group and showed that there is a
lattice isomorphism between the set of fuzzy Theorem 2.2.[7] Let (H,*,0) be a BBG-algebra.
normal subgroups of a group and the set of fuzzy Then, for every a,B,y,€ H :
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(D) ((a * 0) = (a * B) = B, Conversely, suppose that a € [0,1], f, is a
(2 a*Bp =axy=>p =y closed subset of H. Since
(B) (@ xy=px((a=x0)x+y), 0€f, for every a€[0,1].Puta = 1, then
@) axp =0>a=p, 0 € fi.
(®) (@ *0) x 0 =a, This implies £(0) > f(1). Hence £(0) = 1.
©)(pra)«0=axp, Also, let f(a) = a; and f(B) = a,. This
(7) Bra=yxa=>p=y. A8,
implies @ € §,, and B € &,,.
Definition 2.3. [7] A commutative BBG-algebra Puta = a, A a, thena < a, and
(CBBG-algebra) is a BBG-algebra with the « < a,. Thisindicates & € &, C &a and

characteristic that (a = 0) = f = (B 0) = aforevery g e & < £ Thisimplies aB € &,,and so
a,,v,€ H.Then a binary operation A on a commutative f(a*ﬁz) >a=a Aa, = £@) A

BBG-algebra defined on (H,x,0)bya A B = (a * £(B).
B) =B and showed that « A B = B A a forall
a,3 € H and proved the following proposition. Corollary 3.3 Let d == I < H. Then, H isan
Theorem 2.4. [7] If (H,*, 0) is a commutative closed subset iff x; is a CFS of H.
BBG-algebra, then for every p,m, a,B,y,€ H: Definition 3.4. Let (H,*, 0) be a BBG-algebra
(1) (B*0) * (ax0) =axp, and f be a fuzzy subset of H. Then f is called a FI
@) (axp)«p=a of (H,x0) under the operation =, if it satisfies
@) Bxm)x (@ xp)= (u*m* (a=*p) the following conditions:
@) ra)x*p) =axp,
() (B*y) *(axy) =a=xp, Mf ) = o,
6) (m=*p)*a=(axp)=*m, ) f(@) Af(a xB) < f(B) for every a,B € H.
(M) ax B xy) =B x*(axy) ) ) )
We can characterize fuzzy ideals by using the
Lemma 2.6.[8]Let A is a closed subset of level ideals of an BBG-algebras.

a BBG-algebra (H,x,0). Then 0 € 4. Theorem 3.5. Let f be a fuzzy set in H. Then, f is

Definition 2.7. [8] Let (H,*,0) be a BBG- a Fl of H if and only if, for all a € [0,1], f, is an
algebra and A be a subsetof H. Then A4 is ideal of H.
known as an ideal of (H,*,0) under the Proof. Su : : _
L e . . Suppose that f isa Fl in H, then f(0) =

ope:ja_’s[l_on, if it satisfies the following 0. Thisimplies 0 € £, and so £, = 0. Let
conditions a,a+f € fu. Then, f(B) = f(a) A f(a*

(1) 0 € 4, p) = a.Hence B € f,.

(2) Fora,f € H,ifa € Aand a * f €

A then B € A. Conversely, suppose that a € [0,1],f, is a

fuzzy ideal of H.

3. Fuzzy IDEALS BBG-ALGEBRAS Since 0 € f, for every a€ [0,1].Puta = 1,

In the present study, we study closed fuzzy then0 € f;.

subsets (CFS), fuzzy ideals (FI) and closed fuzzy - .

ideals (CFI) and their properties. Thisimplies £(0) = f(1).
Hence f(0) = 1.

Definition 3.1. Let (H,*,0) be a BBG-algebra

and f be a non-empty fuzzy subset of H. Then, Also, let f(a) = a, and f(a = B) = ap. This
fisCFSof Hif f(0) = 0and f(a) A impliesa € fp, anda B € f;,. Put @ =a; A
f(B) < f(a = B) forevery a,B € H. a,,then a < a, anda < a,. This indicates

a € fo, € foandax*p € f,, S f,. This
impliesp € f,,andso f(B) = a = a; A

a = f(a) Af(axp).

We can characterize fuzzy closed subset by
using the level closed subset of BBG-algebras.

Theorem 3.2. Let f be a fuzzy setin H. Then, . .
f isaCFS of H iff, for every a €[0,1],f, is a _Corollz_iry 3.6. Letd = I = H. Then, I is an ideal
closed set of H. iff x, isa Fl of H.

Proof. Suppose that f is a fuzzy set in H, then Example 3.7. Let H = {0,1,2,3,4,5}

f(0) = 0. Thisimplies0 € f, andso f, # and let the binary operation= be defined b
@.Let a,f €&, Then, f(a *B) = f(a) A table 1. Yo ’

f(B) = a.Hence axp € f,.
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* 0 |1]|2|3]| 4] 5
0| 0 [1|2|3]| 4|5
11 2 |0)1|4]| 5] 3
21 (2|0|5]| 3| 4
3] 3 [4|5|10] 1] 2
41 4 |5]13(2| 0|1 Table 1
55 (3(4|11]|2]|0

We see in [7], (H, 0) is a BBG-algebra. Define a
fuzzy subset f,hand i on H as follows:
fO)=1,f(1) = f(2) = 0.6andf(3) =
fM@ = f(5) = 0.2.

h(0) =h@3) = 1,h(1) = h(2) =
0.8 and h(4) = h(5) = 0.3, and
i(0) = i(0) = 1andi(1) =i(2) =
i(3) i(4) are CFl of H.

Example 3.8. Let {0,1,2,3} and let x the
operation defined by the table-2.

W N | O| %
W N k| Ol O
N W O k| Bk
| O] Wl NN
O | N Wl w

Table 2

Lemma 3.9. Let (H,x 0) be CBBG-algebra and
let f bea CFS of H. Then f is a Fl of f if and only
ffAA—-fy*B) = (1 = f(y * (a * B)))

for all for every o, 3,y € H.

Proof. Suppose that f; is a CFl of X. Then, for any

o B,y € H, f(a) Af(y *B) < f(ax (v * B)) = f(y *
(a * B)). This implies

fl) A (1 —fly*B)) =1 — (f(e) * f(y * B))
=>1- (f(y * (o * [3)))

Conversely, since fis a CFS of H, then

f(o) < £(0) for alla € H.

Suppose that f(ac) A1 —f(y*B)) < (1 —f(y*
(o= B))) forany o, B,y € H. This implies that
f(a) Af(y * B)) = f(y * (a* B))) for any

o, B,y € H.

Put y = 3, we have that f(o) A f(a * B)) <
flax (axB))) = f((a* o) *B)) = £(0*

B)) = f(B) for any a,B,y € H. This implies
f is a fuzzy ideal of H.

We see in [7], (H,*,0) is a CBBG-algebra.
Define a fuzzy subset f on H as follows:
f(0O) =1 = f(2),and f(1) = f(3) = 0.6 are
CFl of H.
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Lemma 3.9. Let (X,+,0) be a CBBG-algebra and
let f bea CFS of X. Then fis a Fl of X if and
onlyiffla) A —f(y*vy)) = (1 — f(y * (a *
B))) for all for any o, B,y € H.

Proof. Suppose that f; is a CFl of H. Then, for any

o By € H., f(e) Af(y *B) < f(acx (v * B)) = f(y *
(a = B)). This implies

f) A (1 —fly = B)) = 1 — (f(c) = f(y * B))
>1—(f(B* (axp)).

Conversely, since fis a CFS of H, then

f(a) < £(0) for any o € H.

Suppose that f(a) A1 —f(y *B)) < (1 —f(y *
(a*7vy))) for any a, B,y € H.. This implies that
f() Af(y * B)) < f(y * (a * B))) for any

Put y = B, we have that f(a) A f(a = B)) <
fla* (axB))) = f((a*xa) *B)) = f(0*

B)) = f(Bj) for any o, B,y € H. This implies
g is a Fl of H.

Corollary 3.10. Let f be a CFS of a CBBG-
algebra H. Then f is a Fl of H if and only if
fla) A (1 —1£(B)) = (1 —f(a*p)) for any
o, B,y € H.

Lemma 3.11. Let € be a CFS of a CBBG-
algebra H. Then f is a FI of H if and only if
flax (B*v)) A (1= f(axy)) = (1 —f(B))for
any a,f3,y € H.

Corollary 3.12. Let € be a CFS of a CBBG-
algebra H. Then fis a FI of Hif and only if

fla * B) A (1 —=£(B)) = (1 —f(a)) for any
o, B,y € H.

Theorem 3.13. Let {f.:t € N } be a family of
Fl in a BBG-algebra H, where f, < f,,,; for
any n € N. Then Uz, f, () isaFlof
BBG-algebra of H.

Proof. Since f; is a FI, then &, (0) = 1 and
f, € U, f,. This impliesUy-, f,(0) = 1.

AISOIU;?:lfn (Cl) A U;.10=1 fn (a * ﬁ) =
Vo—{fe():t € (1,0} A Vi {fi(a*xB):r €
(1,00)} = Voo {fi(@ A & (axB) : t,7 €
(1,0)}.
Without generality r < t such that f, € f;. This
impliesVa_ {fi() A fr(a*B) : t,r e (1,0)} <
Va=1{fi(D A filaxB):t € (1,00)} <
Via=1{fe(B):t € (1,00)} = U, iy (B).
This implies U= f,, () isa Fl of BBG-algebra
of H.

Theorem 3.13. Let {f.:t € N} be a family of Fls in a
BBG-algebraH, where f,, < f,,,; for any n € N. Then
Uz, fn (B) isa CFIl of BBG-algebra of H.

Proof: Forany a, € H,Ug-,f, (D) A
Unz1fn (B) = Va1 {fi ()it € (1,0)} A
Vi=1{fr(B):r € (1,0)} = Vi1 {fi(c) A
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f-(B) : t,r € (1,00)}. Without generality r < ¢
such that f, < f;.

This implies V-1 {f; (0D A fr(B) : t,r €

(1,0)} = Vi {fi( A fi(B):t € (1,00)} <
Vizalfi(a* B):j € (1,00)} = UpL, £ (a * B).
This implies Ug=1 &, (B) isa CFS of BBG-algebra of H.

Also, by Theorem 3.13, U=, f, (B) isa Fl of BBG-
algebra of H. Hence U=, f, (B) isa CFl of BBG-
algebra of X.

Theorem3.14: Let{f, : t € I} beafamilyof FIsina
BBG-algebra H. Then N, f; isaFl of H.

Proof: N f: (0) =A{f;(0):Vt €I} = 1.

Forany a,B € H, Neer fr (@) A Ny fo (@ % B) =A
{fe(a):vt € I} =A {fi(a = B):Vi € I} =A{f(a) A fe(a *
B):vt € I} < A{f,(B):Vt € I} = N¢es [+ (B). Hence
N¢er frisaFlof H.

Theorem3.15: Let {f, : t € I} be afamily of CFIsina
BBG-algebra H. Then N, f; isa CFl of H.

Proof: Forany a,f € H, N¢er fe (@) A Neer fr (B) =A
{fi(a):vt e BA{f,(B):Vt € I} SA{fi(a*p):VtEI} =
N¢er f: (@ * B). Hence N f; isa CFl of H.

By using above and by Theorem 3.15, N f; isa CFl of H.

4. Fuzzy CONGRUENCE OF BBG-
ALGEBRAS

In this section, we study fuzzy congruence (FC) and
fuzzy quotient (F Q) on BBG-algebras.

Definition 4.1. A fuzzy relation 0 is a FC of
BBG-algebra C ifitis afuzzy equivalence
relation X and fuzzy compatibleof H.

Definition 4.2. Let f be a FI of a BBG-algebra
H. Define a fuzzy relation 6 on H by

0(a,B) = f(a*x B) A (B * a) for all a €
H.

Theorem4.3. If fis a FlI of a CBBG-algebra
H, then fuzzy relation 6 on H is an
equivalence relation on H.

Proof. For anya € H, O(a,a) = f(a*a) A
f(a * @) = £f(0) = 1 Thisimplies 0 is fuzzy
reflexive.
Forany o, €H, 8(a,B) = f(axp)Nf(B*xax) =
f(Bra) Af(axB) = O0(B,a). Thisimplies 0 is fuzzy
symmetric. Next, we show that 0 is fuzzy transitive.
Forany a,fB,y € H,
O(a,)NO(B,y) = flaxB)Af(B*a) A (B *Yy)
f(y = B)
sfB*a) AN f(y B

= f((y*B)* (¥ x @)

MMy *B) = f(y * ).
Similarly 6(a,B)AO0(B,y) < f(a *B).
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This implies 8(a, ) AO(B,y) = f(a xy) A
fyxa) = 6(a,v).

This implies 8 is a fuzzy transitive. Hence 6 is a
fuzzy equivalencerelation.

Lemma 4.4. Let fis a Fl of a CBBG-algebra H,
then O(w,v) A 8(a,B) < O(u * a,v * B) for
any a,f,u,v € H.
Proof. 8(u,v) A B(a,B) = f(u * v) Af(v *
u) A fla * B) A flax B)
<flu*xv)A f(v *xu)
=f((v+a)*u=*a) Af((u *a) *(v *

a)
= 0(u *a,v *a).
O(u,v) A B(a,B) = flu *» v) AMf(v * u) A
fla «B) AM(B *a)
< f(a =) A(f* a)
= f((v*B) x (v*a) A
f((v * B) x (v *a)
=0 * a,v *f).

By Theorem 4.3,0(u,v) A 6(a,B) <
O(u * a,v xa) A O(v *a,v * f) <
O(u * a,v *f).

Corollary 45. If fisa Fl of a CBBG-
algebra H, then the fuzzy relation 0 is
a fuzzy congruence relation on H.

Proof. By Theorem 4.3 and 4.4, the fuzzy
relation 0 is a FC relation on H.

Definition 4.6. Let fbe aFl of a
CBBG-algebraH. The fuzzy sub set f;
on H defined as f;(B) =

f(axB) fora,p e H. If f, = 5 if
and only if f(a * B) = 1 and
fB*xc) =1, = & =

0(a,B) =1). Itis call to be fuzzy
equivalence class €, of a. We defined
a fuzzy quotient set by H/f = {f, :

a € H}.

Theorem 4.7. Let f be a Fl of a CBBG-
algebra (H,x,0). Then (H/E,*,&,) isa
commutative BBG-algebra the operation

> on H/E defined by f, o fz = f,.p

for all f,,fz € H/E.

Proof. We prove that (H/f,-,f,) is a BBG-
algebra.

(1) For any a,B,y,6 € H and for any f,,
fg,f,, &5 € H/E such thatf,=fz and
f,=fs. We claim o that f, o f,=fg o fs. If
fo=fp, then 6(a, B) =1, and if f,=fs,
then 8(y, 8) = 1. This implies

1=0(c, B)AO(Y,8) < 0((a*V), (B *8))

and
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This implies

1=0((x*7v), (B*5)).

This implies &4.,=8g.s.
Thus
&a © Ey = Ea*y:Eﬂ*8 = Ey °&s.
(2) Forany &,,85,8, and 5 €H/E
(3) Ea ° Ea = Ea*a: EO
@ ggo(Epe &) =8ac(Epny) =
Eax(Bry) =
§[((B=0)+a)+z] =5 ((Br0)+a) © &y =
&0y °8a) 2§ =((Eg &) °
Ea) © &y
We prove that (H/ f, o, f,) is a CBBG-
algebra. (f; °&g) of; =f;.o ° f;
Loy j = fjroysi = (£ o fo) o f;.
Therefore, (H/f, -, fy) is a CBBG-algebra.

The set H/f is called the FQ CBBG-algebra
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