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Abstract

In this paper, we studied Cokernel fuzzy filters of MS- algebras and fuzzy congruence relation generated by fuzzy filters and its
properties. We also proved that the fuzzy congruence relation generated by fuzzy filters is the superimum of a lattice fuzzy
congruence generated by fuzzy filter p and a lattice a fuzzy congruence generated by fuzzy ideal p.. Finally, we proved that the

set of fuzzy congruence cokernels of L, ordered by set inclusion, forms a complete lattice.
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1. Introduction

Ockham algebra is a bounded distributive lattice
with a dual endomorphism. The class of all
Ockham algebras contains the well-known classes,
forexamples Boolean algebras, de Morgan algebras,
Kleene algebras and Stone algebras [6]. Blyth and
Varlet [6, 7] defined a subclass of Ockham algebras
so called MS-algebras which generalize both de
Morgan algebras and Stone algebras. These
algebras belong to the class of Ockham algebras
introduced by Berman [5]. The class of all MS-
algebras forms an equation class. Blyth and Varlet
[8] characterized the sub varieties of MS-algebras.

On the other way, fuzzy set theory introduced by
Zadeh [14] is generalization of classical set theory.
Next, Rosenfeld [11] applied it to group theory
and developed the theory of fuzzy sugroups. Also,
many authors have worked on fuzzy lattice theory.
They introduced the concepts of fuzzy sub lattice;
fuzzy ideal, fuzzy prime ideal, in a lattice gave
some interesting results (see [3, 4, 9, 12, 13]. More
recently, Alaba and Alemayehu [1] studied kernel
fuzzy ideals and a fuzzy congruence in MS-
algebras. Alaba and Alemayehu [2] introduced
fuzzy ideals in demi-pseudo complemented MS-
algebras. In this paper, cokernel fuzzy filters of
MS-algebras were introduced and
characterized.

1. Preliminaries

In this section, we discuss some definitions and
results which used be used in this paper.

Definition: 2.1. [6, 7] An MS-algebra is an
algebra (L,v,A, - ,0,1) of type (2,2,1,0,0), such
that (L, Vv, A, 0, 1) is a bounded distributive lattice
and a — a’ is a unary operation satisfies: a <a”,
(anb)y=avb,1°=0

Lemma: 2.2. [6, 7] For any two elements a, b of an
MS-algebra, we have the following:

(1) o0=1
(2 a<b=b<a
(3) a"=a

(4) (avb)y =a Ab

(5) (avb)y"=a"vb"

(6) (aAb)"=a"Ab”
Definition: 2.3. [14] Let p be a fuzzy subset of
S and let a € [0, 1]. Then the set
He={X€EL:a<p(X)}is called a level subset
of p.

Definition: 2.4. [12] A fuzzy subset p of a
bounded lattice L is said to be a fuzzy ideal of L,
if forall x,y € L,
(1) ) =1,
(2) KX VY) = H(X) AuY)
(3) H(E AY) Zp(x) v (y) for all x,y
€ L.
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Definition: 2.5. [12] A fuzzy subset u of a
bounded lattice L is said to be a fuzzy filter of L,
if forall x,yeL,

(1) u) =1,

(2) HXAY) = H(X) AJY)

(3) KX VY) =H(x) Vu(y) for all x,y

eL.
In [12], Swamy and Raju observed that, a

fuzzy subset p of a bounded lattice L is a
fuzzy ideal of L if and only if p(0) = 1 and

(X VY) = u(x) A u(y) for all x,y € L.

A fuzzy subset u of a bounded lattice L is a
fuzzy filter of L if and only if pu(1) =1 and p(x
AY) = (X) A(y) for all x,y € L.

A fuzzy relation 8 on a set X is map 4: X x
X — [0, 1]. For any X, y € X and fuzzy
relations € and ¢ on X, (68 N @)(X, y) = min{&(x,
), (%, )}, (6 U 9)(x, y) = max{d(x, y), (X,
)} 6 € ¢ means 9(X,Y) < o(X, Y).

Definition: 2.6. [10] Suppose that 8 and ¢ are

two fuzzy relations on a set X. Then (6 < ¢)(x,
y) = supzeX ((0(x, 2) A (9)(z, Y))-

Definition: 2.7. [10] A fuzzy relation ¢ on X is
said to be a fuzzy equivalence relation on X, if

(1) o(x,x) =1 for all x € X (reflexive),

(2) o(X,y) = o(y,x) for all x,y € L
(symmetric),

(3) o(X,2) =X, y) Ap(y, z) for all x,y,z €L
(transitive).

Definition: 2.8. [1] A fuzzy relation ¢ on an MS-
algebra L is called fuzzy congruence relation on
L if the following are satisfied:

(1) p(XAZ,y AW) Ap(XVZYyVW) >
o(X,y) Aoz, w) for all
XY, Z,W EL,

(2) (X, y)=p(x,y) forall x,y € L.
Definition: 2.9. [1] A kernel fuzzy ideal p of an
MS-algebra L is a fuzzy ideal p of L for which
there exists a fuzzy congruence ¢ of L such that
B = kergp i.e [ is the fuzzy kernel ideal of
@, where p(x) = kerp(x) = ¢(X, 0).

Throughout the next sections, L stands for an MS-
algebra unless another word is mentioned.

2. Cokerner Fuzzy Filters And a fuzzy congruence
induced by a fuzzy filters in MS-algebras

In this Section, cokernel fuzzy filters of MS-
algebras are introduced and characterized.

Let L be an MS-algebras L and p be a fuzzy
filter of L. Define

(X)) = sup{u(f) : x<f’, for some f € L}

(X)) = sup{p(f) : f"<x, forsome f €L}.
Then, we have the following results.
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Lemma 3.1. p. is a fuzzy ideal of L and ™ is a
fuzzy filter of L.
Proof. Clearly p. (0) = 1. Forany X,y €L,
H(X) A p(y) =sup {u (f): x<f;", for some f, €
L}A
sup {u(fy) : y <f,°, for some f, €
L}
=sup {u (f) Au(f,) : x <f,y <f,’
for some fi, f, € L}
< Sup {p (fiAfR) : xVvy <(fAf)
for some f;,f, €L}
= W(X VY).
H(X) V H(y)= sup{p(fy) : x<f; ", for some f,€
L}V sup{u(f,) :y <f,", for some f,e L}
= sup{u(f)) vu() : x <f;",y <f, for
some f;,f, €L}
< sup{u(fyvf) i x Ay <(fyvfy)
for some f;,f, €L}
= (X AY)
Hence . is a fuzzy ideal of L.
Similarly, we prove that u” is a fuzzy filter of L.

Lemma: 3.2. For any two fuzzy filters yu and A
of an MS-Algebra L, then the following hold.
(1) p e,
(2) If pc4, then uy”cA”
(3) (MNA) = N,
(@) (UV)" = L Vi
Proof: (1) p”(x) = sup {u(f) : f <f” <x,
for some f e L} <p(x) as pis a fuzzy
filter of L. Hence, u” < .
2) The proof of (2) is straightforward.
3 By(Q(MNA cSu"NA”. Forany x €L,
(W™ N2 =" () AL (X)
=sup {A(f) : 17 <x}A
sup{p(f2): f2" <x}
=sup{i(f) Ap(f) 1 7 <x,
f," <x}
< sup{A(f; V) Ap(fLvfy):
(fLvf) " <x}
<sup{(UNA)(f1VvF,):(f1vE,) "<x}
=(HNA)"(x).
Thisimplies (UNA) =" NA”
(4) By QU va c(uva.
Conversely, let x € L,
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(M VA)(X) = sup{H" (X)) AL7(X2) © X = X3 A%}
= sup{sup{p(ar) : a;” <x }Asup{i(az) : ax" <X,}: Xs AXp = X}

= sup{sup{p(ai) AA(az) : a1" <X1,8" <Xo}: X = X1 AXo}
= sup{H(ay) AL(az) : ar1” <Xg, @ <Xz, X = X1 AXz}

Put A = {a €]0, 1], where a = p(a;)) AA(ay) : a;” <X;,a <Xp, X=
X1 A X2}, Again,

(MVA)..(x) =sup{(uvH(a):a”"<x}
= sup{sup{p(a;) Ab(a,) : a;Aa;=a}:a" <x}
= sup{pn(a) Ad(ay) :a;Aa,=a, a~"<x}
Put B = {y €[0, 1], where y = p(a;) AA(ay) : asAa; = a, a” <x}. Now we
prove that B € A.
Let y € B. Then y = p(ai) A6(a,) such that a; Aa, = a, x>a".

Thisimpliesx > (a; Aay)** = a;° A a,®.

Thisimpliesx = xV (a;°Aay,®) = (xVa;°) A
(xVay®).

Putx; =xVvVa;®, x, =xVa,°. Thisimplies

Xy = a,°,and x, = a,°, where x = x4 A x,. This

impliesy € Aand B € A.

This implies sup B < sup A. Then we get (2) Similarly (2) holds.
MV oo = Koo V Aoo.

Corollary: 3.3. If {p,:a € A}is a family of
filters of L, then we have the following:

We recall that the fuzzy congruence class of a non-
empty set L determined by x and a fuzzy
congruence ¢ , denoted by ¢y, is the fuzzy subset of

(1) (Ngeabe)” = Ngealiy) Id_ define;1d by goxf(y)llzf o(X,y), Vy €L, 'I Let IH/(p
0o 0o enote the set of all fuzzy congruence class, that
(2) Vaeata) =Vaealha) - is L/p = {px X € L}. y J
Lemma: 3.4. Let p be a fuzzy filter of L. Then .
the following hold: If ¢ is a fuzzy congruence of L and x,y € L,
(1) (X)) = pe(x) then p,=py= p(x,y) = 1.
(2) p(X) =" (x) Definition:3.5. A fuzzy filter p of L is said to be
Proof: (1) Let x € L. a cokernel fuzzy filter if and only if there is a fuzzy
H(X)=sup{p(f) : x<f", forsomefeL} congruence relation ¢ of L such that p = ¢[1].
< sup{p(f): f"<x’, forsomef elL}

Definition 3.6. Let L be an MS-algebra and p a
fuzzy filter of L. Define a fuzzy binary relation

o(K) on L as follows: g()(X,y) = sup{(f) A p.(t)
c(xAf)vt=(y Af) vt for some f,t € L}.

Then we have the following results:

=p"(x)

Theorem 3.7. ¢(u) is a fuzzy congruence relation on L.

Proof. Clearly ¢(u) is reflexive and symmetric. We first show that ¢(u) is
transitive.

Consider x,y, z,s,r, k € L such that
(xAs)Vt = (yAs)vtand
(yAr)vk= (z Ar) vk
Puta=sArand b =tvk
(xAa)vb = (XASAr)vtvk
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(XAS)V(AVK)A(rvtvk)
(xAs) V) VK) A(rvtvk)
((tyns)vt)vk)a(rvtvk)
{((xAs) v v(rat)rak
((yAr) VK VD) A(sVEVK)
((zAr)vk)vE) A(sVviVvk)
(((zAsA)V(tVKk)
(((znra)vb

Now, we have the following:

(X, Y) Ap(u)(y, 2) = sup{H(s) AH.(t) : (XAS) VE= (Y AS) VIFA
sup{H(s) A p(t) : (y Ar) vk = (z Ar) VK}
= sup{(s) AL(t) A(S) A H(t) - (XAS) VE= (Y AS) VT,
(yAr) VK =(z Ar) VK}
< sup{p(svr) Ap(tAk) : (xAa) vb = (y Aa) vb}
= (W)X, y)
Hence ¢(|) is transitive.

Therefore, it is an equivalence relation. By following, the same procedure, we can
show that () satisfies the substitution property for v and A. It remains to show
that ¢(j) satisfies the substitution property for the unary operation °. Let (X, y)
€ L. Then

p(W(X,y) = sup{p(s) Ap(t) : (XxAS) VE=(y As) Vt}
< SUp{U() AL(S'AL) - (KAL) V(SAL) = (Y A) V(S AL)}
= e(W)(X,Y)

Thus, ¢(u) is a congruence relation.

Theorem 3.8. For each fuzzy filter p of L, (1) = @ia() V @1ae(H-), Where the
join is taken in the lattice of lattice fuzzy congruences on L.

Proof. First we show that ¢(u)

(0Iat(|~l) v @Iat(pw) c (0(|J)

Clearly pi(1) S @(1). Next, we prove that ¢(l1.) S ¢(1). Suppose that x,y € L
such that
avx=avy
for some a € L. Then we have
@naa)v(@Aax) = aA(avx)
= a'A(avy)
= (@'rna)v(a'Ay)

Prar(L) (X, ) sup{p.(a) : xva=yva}

IA I

sup{p°"(@) Ap(ana): (@ Aa)v(@Ax)=(@AAa)v(@Aay}
< sup{p@) Ap(ana):(@nAna)v(@ax)=(@naa)v@ay}
as U cpu
= o(W(xy)

Hencev g”lat(l-l") VC”Iat(”) < (0([.1)
Next, we show that ¢(1) S (¢1a) (H--) V (@1 ().

o(X,Y) = sup{i.(S)AR(L): (XAS)Vt=(yAsS) VL, s,teL}
< SUp{H..(S) AR'() : xVE=XV(XAS)VE=XxV(yAs)Vt, i,jEL}
< sup{'(t) : xVt=XV(XAS)Vt=xV(yAs)Vt, s,teL}
= (@)(H)(X X V(Y AS))

o(W(X,y) = sup{i.(S)AR(M): (XAS)Vt=(yAs) VL, s, teL}

SUP{.(S) A'(L) : X VE=XA(XAS)VE=XV(YAS) VL s, te L}
SUP{-(S) A'(E) : (X VE) As = (XV(XAS) V) AS

INIA
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=(XV(yAs)Vt)As, s, tel}

< sUp{M-(S) : XV (Y AS)) As=(XAS) V((y AS) AS)

=(XVYy)As, s,teL}
= (Pa)(L)(X V(Y AS), X VY)
This implies,
(W)X, )

< (@) (L)X XV (Y AS)) Alpra) (H-)(X V(Y AS), X VY)
< (@) (W) V (@iad () (X, X V'Y)

Similarly, Q (L)(X, ¥) < (Qia)i(K) V (Qia)L(1-))(X AY, y). Again,

p(W(X,y) <
< (((Plat)(p'o) \ (Qlat)(“w))(xi y)

(@) () V (21a) ()X X AY) V (@1 () V (Qiar) () (X V'Y, Y)

Thus, o(1) = (@ra)(K) V (Qua) ()
Corollary 3.9. For each fuzzy filter u of L, p(l) is the smallest fuzzy

congruence containing u x u

Theorem 3.10. A fuzzy filter g of an MS-algebras L is a cokernel fuzzy filter

if and only if W.(j) Ap(X Vj) <p(x).

Proof. Suppose that p is a cokernel fuzzy fuzzy filter, then p = cokerg for some fuzzy congruence of

L.
H-() A (X V)

< 4(t,0)Ag(xV],1)

< ¢(,0) Ag(xVj, 1)

< ¢(XV}j,X)Ap(x V], 1)
< ¢(1,%)

= cokerg(x)
()

Hence, L.() A H(X V) < p(X)

sup{u(t) : j <t’, forsometeLFAUXV])
sup{cokerg(t) : j <t

for some t e L} Acokerep(x V j)

asj <t

Conversely, suppose that p.(j) A (X Vj) < u(x) holds.

Clearly p S cokero(p).
cokerp(L)(X) (W) (x, 1)

IN 1IN

H(X AS) by hypothesis
H(X)

IA

Hence, cokerg () € . Thus cokerp(n) =

Theorem 3.11. A prime fuzzy filter p of an MS-
algebras L is a fuzzy congruence cokemel if and
only if (U NW.)(X) <a for some o € Im(p)

Theorem 3.12. Let p be a fuzzy filter of an MS-
algebras L, and v is a fuzzy congruence of L. If
cokery = |, then . = kery. Moreover, if cokery
is prime fuzzy filter, then kery is a prime fuzzy
ideal of L.

The set of all fuzzy congruence cokernels of L,
denoted by FFck(L).

Lemma 3.13. Let {|; : i € Q} be a family of fuzzy
congruence cokernels of L. Then N; cquiis
fuzzy congruence cokernels of L.

Eth. J. Indig. Know. Appl. Sci.

SUp{H(s) A() : (XAS) Vt=sVt, s,teL}
sup{u(s vt) Ap(t) : (x vs) At =sAt, s,tel}
SUp{((Xx AS) V) AL(t) : (XVS) At =sAt, s, teL}

u

Theorem 3.14. The set FFc«(L) of L-fuzzy
congruence cokernels of L, ordered by set
inclusion, forms a complete lattice.
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